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ABSTRACT. We study two kinds of transformation groups of a compact locally
conformally K\"ahler (1.c.K.) manifold $(M,g, J).$ First we study compact 1.c.K.
manifolds by means of the existence of parallel 1.c.K. flow ($i.e.,$ a confomal,
holomorphic flow which lifts to an action on the universal cover by non-trivial
homotheties with respect to the K\"ahler metric.) It is shown that if a com-
pact 1.c.K. manifold admits a parallel 1.c.K. flow, then there exists a metric
with parallel Lee form in the $\omega \mathrm{n}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{l}$ claes of $g.$ Moreover, under the same
hypothesis, $M$ admits a 1.c.K. metric with parallel Lae form if and only if it
admits a parallel 1.c.K. flow. As a consequence, we determine the structure of
the compact 1.c.K. manifolds with parallel Lee form (so called, Vaisman mani-
folds). Next, suppose that $\Lambda=(\lambda_{1}, \ldots, \lambda_{n})$ is an $n$-tupple of complex numbers
satisf.y$\mathrm{i}\mathrm{n}\mathrm{g}0<|\lambda_{n}|\leq\cdots\leq|\lambda_{1}|<1.$ A primary Hopf manifold $M_{\Lambda}$ of type $\Lambda$ is
the compact quotient manifold of $\mathbb{C}^{n}-\{0\}$ by a subgroup $\Gamma_{\Lambda}$ generated b.y the
transformation $(z_{1}, \ldots, z_{n})\vdash+(\lambda_{1}z_{1}, \ldots, \lambda_{n}z_{n}).$ We prove that the primary
Hopf manifold $M_{\Lambda}$ of type $\Lambda$ supports a 1.c.K. metric with paraUel Lee form.
Conversely, if a compact Hopf manifold $\mathbb{C}^{n}-\{0\}/\Gamma$ admits a 1.c.K. metric
with parallel Lee form $(n\geq 2),$ then some finite cover is biholomorphic $\mathrm{t}\circ$ $\mathrm{a}$
primary Hopf manifold $M_{\Lambda}$ of type $\Lambda.$ Finally, we introduce the Lee-Cauchy-
Riemann (LCR) transformations as a class of $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\infty \mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}\mathrm{s}$ preserving the
specific $G$-structure of 1.c.K. manifolds. We examine the rigidity of compact
1.c.K. manifolds admitting non-compact connected group consisting of $\mathrm{L}\mathrm{C}\mathrm{R}$
transformations. In fact, if there exists of $\mathrm{a}\mathbb{C}^{*}$ flow of closed $\mathrm{L}\mathrm{C}\mathrm{R}$ transforma-
tions on a compact 1.c.K. non-K\"ahler mmifold of complex dimension at least
2 whose $S^{1}$ subgroup is a parallel 1.c.K. flow inducing the Lee field $\theta\#,$ then $M$
is holomorphically conformal to the primary Hopf manifold $M_{\Lambda}$ of type $\Lambda$ with
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Lelong-Ferrand (1970 ) .





. complex version $CR$ ,
(1996 ).
1.2. $M$ $2n+1$ $CR$ , $M$ $CR$ $\mathrm{A}\mathrm{u}\mathrm{t}_{CR}(M)$
. $M$ $\mathrm{A}\mathrm{u}\mathrm{t}_{CR}^{0}(M)$ $M$
$S^{2n+1}$ CR- .
$\eta$ $M$ . $M$
$2n+1$ , $\eta$ R- 1-form $\eta\Lambda d\eta^{n}\neq 0$
$2n$ Null $\eta=\{X\in TM|\eta(X)=0\}$ . $CR$- $M$
Null $\eta$ $J$
. $J$ ,
(i) $J$ : Null $\etaarrow \mathrm{N}\mathrm{u}11\eta$ $(J\circ J=-1)$ .
(ii) Null $\eta\otimes \mathbb{C}=T^{1,0}\oplus P^{1}$, $J$ $J$ ;
$[T^{1,0}, T^{1,0}]\subset T^{1,0}$
. (Null $\eta,$ $J$) $M$ $CR$ .
, $M$ holomorphic $f$ : $Marrow M$
, $f$ Null $\eta$ , $f_{*}$ Null $\eta$
$J$ ffi morphism .
diffeomorphism $M$ $CR$ .
, complex analogue
. , $\mathbb{C}^{n+1}$ $S^{2n+1}$ CR-
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( Brieskom ),
$S^{2n+1}$ spherical $CR$ . ( , $S^{n}$ ,
? , sphericd $CR$ $S^{2n+1}$
Heisenberg CR- .)
Cauchy-Riemann $\mathrm{B}^{n+1}$ biholomorphic
$S^{2n+1}$ $CR$ . 1.1, 1.2
( , flow, CR-flow)
nonelliptic
. ,
Locally conformal K er (1.c.K.
) , , 1.c.K.
. Liviu Ornea ( )
.
2. $\mathrm{L}.\mathrm{c}.$ K\"AHLER L.C.K.
$(M, g, J)$ $2n(\geq 4)$ $\mathrm{H}$. ermitian , $\omega$ $\omega(X, \mathrm{Y})=g(X, J\mathrm{Y})$
fun ment twO-form .
21. $\omega$
$=\theta\Lambda\omega$ $d\theta=0$
, $M$ (locally cordormally K er(l.c.K.))
.
, 1- $\theta$ Leek ($\mathrm{H}.\mathrm{C}$ . Lee 1943 ) $M$
. ,
. $(M, J)$ ,
$(M, J)$ 1.c.K. $\{U_{\alpha},g_{\alpha}\}_{\alpha\in\Lambda}$ :
$\{U_{\alpha}\}_{\alpha\in\Lambda}$ $M$ , $g_{\alpha}$ $U_{\alpha}$ .
$U_{\alpha}$ $U_{\beta}$ , $\lambda_{\beta\alpha}$ $g_{\beta}=\lambda_{\beta\alpha}g_{\alpha}$ .
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, $\{\lambda_{\beta\alpha}\}$ $M$ $1$-cQcycle ($H^{1}(M;\mathbb{R}^{+})$
$H^{1}(M;S)$
, $H^{1}(M;S)=0$ ),
$\{f_{\alpha}, U_{\alpha}\}_{\alpha\in\Lambda}$ $\delta^{0}f(\alpha, \beta)=\frac{f_{\alpha}}{f_{\beta}}=\lambda_{\beta\alpha}$ $(U_{\alpha}\cap U_{\beta}\neq\emptyset)$ .
$g|U_{\alpha}=f_{\alpha}\cdot g_{\alpha}$ , $M$ $g$ $g$
.



















$.\text{ }\prime$. . $U_{\alpha}^{\cdot}\cap U_{\beta}$ $d_{\beta}= \lambda’\beta\alpha\oint_{\alpha}$ , g\beta =\lambda \beta 0g
, $\lambda_{\beta\alpha\dot{\beta}}’=\dot{c}...*$
.
$\lambda_{\beta\alpha}\cdot c_{\alpha}^{-1}$ . $f( \alpha, \beta)=\frac{f_{\alpha}}{f_{\beta}}=\lambda\rho_{\alpha}U_{\alpha}\cap U_{\beta}\neq\emptyset,$ $\Pi\overline{\mathrm{p}}$
$\lambda_{\beta\alpha}’=\frac{f_{\alpha}’}{f_{\beta}},$
$\mathrm{B}\mathrm{i}$ . $M$ $\tau$
$\tau|U_{\alpha}=c_{\alpha}f_{\alpha}’f_{\alpha}^{-1}$ fx. . , 1.c.K. $g,$ \parallel [ $g|U_{\alpha}=f_{\alpha}\cdot g_{\alpha},$ $d|U_{\alpha}=f_{\alpha}’ \cdot\oint_{\alpha}$
, $\alpha$ $\tau\cdot g|U_{\alpha}=d|U_{\alpha}$ . 1.c.K.
$\{U_{\alpha},g_{\alpha}\}_{\alpha\in\Lambda}$ $[g]$ .
, $\oint=\lambda\cdot g$ , 2 $d$ $M=\theta\wedge d(\theta=\theta+d\log\lambda)$
.
; $>.\text{ }\prime\cdot$ . $M=$. $0$ , $(M, \oint, J)$ 1.c.K. .
$df_{\alpha}.\cdot$ . ,$\theta|.U_{\alpha}$ , $df_{\alpha}’-=\Psi|U_{\alpha}$ . $df_{\alpha}’=\Psi|U_{\alpha}=\theta|U_{\alpha}\dotplus d\log\lambda$
, $U_{a}$ $\log c_{\alpha}+f_{\alpha}’=f_{\alpha}+\log\lambda$ . ,
. . .
$d^{\acute{q}}e^{-f\alpha}=..\dot{\lambda}..\cdot.\cdot c_{\alpha}^{-^{\mathrm{t}}1}.\cdot$ , $\cdot$ $g_{\alpha}’=e^{-f_{\acute{\alpha}\oint}}\cdot=e^{-f_{\acute{\mathrm{Q}}}}\cdot c_{\alpha}\cdot g=c_{\alpha}\cdot g_{\alpha}$ . 1.c.K.





$\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)=$ { $f$ : $Marrow M$ $|f^{*}g=\lambda\cdot g,$ $f_{*}\mathrm{o}\mathcal{J}=\mathcal{J}\circ f_{*},$ $\lambda>0$ }.
1.1 , .
25. $M$
$\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$ ( Lie [ .
, 1.c.K. $(M, g, \mathcal{J})$ . $\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$
compact Lie $g$ $g$ $\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}$.(M)-
$d$ . $d$ 2 Loe
Lee $\theta’,$ $\theta’\circ J\Psi\circ J$ , $\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$ [ ’, $’\circ J$
. , KMler $M$ $\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$
. ,
$\mathrm{Y}2$ 1.c.K. , . $M$
, 2 $\tilde{M}$ lifts $\tilde{g},\tilde{\omega}$ .
Lee $\theta$ $\tilde{\theta}$ , $\tau$ : $\tilde{M}arrow \mathbb{R}$ $d\tilde{\theta}=d\tau$ .
, $\Omega=e^{-\tau}\cdot\tilde{\omega}$ $\tilde{M}$ 2 $\Omega$
$d\Omega=0$
. .





1.c.K. $(M, g, \mathcal{J})$ , $\mathcal{H}(\tilde{M}, \Omega, \mathcal{J})$ $(h, \mathcal{J})$
$\tilde{M}$ . , $f_{2}\in \mathcal{H}(\tilde{M}, \Omega, \mathcal{J})$
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$f_{\dot{l}}^{*}\Omega=c_{f}.\cdot\cdot\Omega$ ( $c_{f}.\cdot(i=1,2)$ ), $c_{f_{2}\mathrm{o}f_{1}}=c_{f_{2}}\cdot c_{f_{1}}$
. , ( ) :
(1) $\rho:\mathcal{H}$ ( $\tilde{M},$ $\Omega$ , J)\rightarrow R
$f$ $c_{f}$ . $\pi_{1}(M)$ $M$
, $\pi_{1}(M)\subset \mathcal{H}(\tilde{M}, \Omega, J)$ . , $\gamma\in\pi_{1}(M)$ ,
$\gamma^{*}\Omega=e^{-\gamma\tau}..\gamma^{*}p^{*}\omega=e^{-\gamma^{\mathrm{r}}\tau}\cdot p^{*}\omega=e^{-\gamma\tau+\tau}.$ . $\Omega$ $e^{-\gamma^{*}\tau+\tau}$ [ [f
$(n\geq 2)$ . Parallel 1.c.K. flow :
2.7. $\mathrm{A}\mathrm{u}\mathrm{t}\iota.c.K.(M)$ pamllel $l.c$.K. flow , [
$S^{1}\subset \mathrm{A}\mathrm{u}\mathrm{t}\iota.c.K.(M)$ , $\mathbb{R}$ $\tilde{M}$
.
. $\{\varphi_{t}\}\subset \mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$ parallel 1.c.K. flow . $\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$ [
$\overline{\{\varphi_{t}\}}$ ( 2.5), k- $T^{k}$
$(k\geq 1)$ . $\overline{T^{k}}\subset \mathcal{H}(\tilde{M}, \Omega, J)$ $\overline{\{\varphi_{t}\}}$ .
$\rho$ : $\mathcal{H}(\tilde{M}, \Omega, J)arrow \mathbb{R}^{+}$ , $S^{1}\subset\overline{\{\varphi_{t}\}}=T^{k}$ $\overline{\{S^{1}\}}$
$\rho(\overline{\{S^{1}\}})=1$ , $\rho(\overline{T^{k}})=1$ . parallel 1.c.K.
flow $\overline{\{\varphi_{t}\}}$ , $\overline{T^{k}}$ , $\rho(\overline{\{\varphi_{t}\}})\neq 1$ .
. parallel 1.c.K. flow $S^{1}$ $\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$
. $S^{1}$ $\rho$ $\mathbb{R}^{+}$
, $\mathbb{R}$ .
$S^{1}$ $\tilde{S}^{1}=\{\varphi t|t\in \mathbb{R}\}$ $\rho:\tilde{S}^{1}arrow \mathbb{R}^{+}$
$\varphi_{t}^{*}\Omega=\rho(t)\cdot\Omega$
. Parallel 1.c.K. $S^{1}$- 1.c.K.
. ( , , $T_{\mathbb{C}}^{1}$
$\mu$ : $T_{\mathbb{C}}^{1}\cross Marrow M$ $T_{\mathbb{C}}^{1}\cross M$ $M$
. [6] .) , parallel 1.c.K. Sl-
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$\mathbb{R}$- . , (aspherical)1.c.K. Sl-
$\mathbb{R}$- paxallel 1.c.K. . ,
4 Solv (3 $\mathrm{s}\mathrm{o}1_{\mathrm{V}}$ $S^{1}$- )
parallel 1.c.K. ( ) Sl- .
27 , Parallel 1.c.K. flow ([2] ).
28. $(M, g, \mathcal{J})$ . $c$ .K. ( 4 )
. $\mathrm{A}\mathrm{u}\mathrm{t}_{l.c.K}.(M)$ parallel $l.c$.K. flow , $g$ [
parallel Lee $\theta’$ $l.c$.K. $d$ $(\nabla’\theta’=0)$ .
, sman .
29. $(M, g, J)$ parallel Lee $l.c$ .K. (
4 ) . , $(M, J)$ [ parallel Lee ’ $l.c.K$.
$g’$ :
1. $\hat{g}$ parallel Lee $\hat{\theta}\#$ Sl- .
2. $(M,\hat{g}, J)$ Vaisman $(\mathbb{R}^{+}\cross W/\sigma(\pi_{1}^{*}),\hat{g}^{*}, J^{*})$ ,
$\hat{\mathrm{p}}\mathrm{r}_{2}$ : $(\mathbb{R}^{+}\cross W,\hat{g})arrow(W/Q,\hat{g}_{W})l\mathrm{h}$ Sasakian orbifold $W/Q_{-}\mathrm{h}\text{ }$ Riemannian
submersion 6.
3. $\tilde{M}$ $d(e^{t}\pi^{*}\eta)$ $\eta$
$Q$ - $(\eta, J)$ $W$ .
3. L.C.R- HOpF
$g$ Lee $\theta$ , Lee $\theta\circ J$
, $g(X, \theta\#)=\theta(X)$ , $\theta$ $M$ $\theta\#$
. $\theta\#$ Lee . $\{\theta\#, J\theta\#\}$ $M$
. $\{\theta\#, J\theta\#\}^{[perp]}$ $g$ J-
$||$ : $TM=\{\theta\#, J\theta\#\}\oplus\{\theta\#, J\theta\#\}^{[perp]}$ .
3.1. $f$ : $Marrow M$ Lee-Cauchy-Riemann(LCR) {
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(i) $f$ t2 { $\theta\#$ , J\mbox{\boldmath $\theta$}#} , , ,
$f_{*}\mathrm{o}J=J\mathrm{o}f_{*}$ .
(ii) $f_{*}\theta\#=\theta\#$ mod $\{\theta\#, J\theta\#\}^{[perp]}$
(iii) $M$ $\lambda>0$ , $f_{*}(J\theta\#)=\lambda\cdot(J\theta\#)$ mod $\{\theta\#, J\theta\#\}^{[perp]}$ .
$f$ $\{\theta\#, J\theta\#\}$ J-
. .
3.2. $(M, g, J)$ . $c.K$. , $\theta$ Lee .
, $LCR$ $\mathbb{C}^{*}=S^{1}\cross \mathbb{R}$ , $S^{1}$ Lee
/ $\theta\#$ pardlel $l.c.K$. , $(M,\hat{g}, J)$
padlel Lee A Primary Hopf $M_{\Lambda}$ .
, paralel Lee A Primary Hopf
$M_{\Lambda}$ . ([3] )
$Sn-1=$ { $(z_{1},$ $z_{2},$ $\cdots,$ $z_{n})\in \mathbb{C}^{n}||z_{1}|^{2}+|z_{2}|^{2}+\cdots$ +| $|^{2}=1$ }
$n$
$\ovalbox{\tt\small REJECT}=\sum$ ($x_{j}dy_{j}$ –yj )
$j=1$
. { }




, $\mathrm{N}\mathrm{u}\mathrm{U}\eta=\mathrm{N}\mathrm{u}11$ $\omega 0$ . , $S^{2n-1}$ 1- $\{\psi_{t}\}_{t\in \mathbb{R}}$





$\mathbb{C}^{n}$ $\mathbb{C}^{n}-\{0\}$ . $\mathbb{R}^{+}\cross S^{2n-1}=\mathbb{C}^{n}-\{0\}$
, $N$ $S^{2n-1}$ $( \frac{d}{dt}=N),$ $\mathbb{R}^{+}\cross S^{2n-1}$




$T(\mathbb{R}^{+}\cross S^{2n-1})=\{N, A\}\oplus \mathrm{N}\mathrm{u}11\eta$ $J_{A}$ $\mathbb{R}^{+}\cross S^{2n-1}$
.
$S^{2n-1}$ 1-parameter { $\{\psi_{t}\}_{t\in \mathrm{R}}\subset T^{n}\subset \mathrm{U}(n)$ . , $S^{2n-1}$
$(\omega_{0}, J_{0})$ $\mathrm{P}\mathrm{s}\mathrm{h}(S^{2n-1}, \omega_{0}, J_{0})$
$\mathrm{U}(n)$ $\psi_{t}$ ,
(4) $(\psi_{t})_{*}\mathrm{o}J_{0}=J_{0}\mathrm{o}(\psi_{t})_{*}$
. $J_{A}$ $\mathbb{R}^{+}\cross S^{2n-1}$ .
{ $N,$ $J_{A}N,$ $J_{A}|$ Null $\eta$ } , $J_{A}$ .
Null $\omega 0\otimes \mathbb{C}=T^{1,0}\oplus T^{0,1}$ ,
$T(\mathbb{R}^{+}\cross S^{2n-1})\otimes \mathbb{C}=\{N-iJ_{A}N\}+T^{1,0}\oplus\{N+iJ_{A}N\}+$ ,1
$J_{A}$ . $\tilde{T}^{1,0}=\{N-iJ_{A}N\}+T^{1,0}$ . $X\in T^{1,0}$ ,
$[N-iJ_{A}N, X]=[N, X]-i[J_{A}N, X]=-i[J_{A}N, X]$
$[J_{A}N, X]_{x}= \lim_{tarrow 0}\frac{X_{x}-(\psi_{t})_{*}X_{\psi_{-t}x}}{t}\in \mathrm{N}\mathrm{u}11$
$\omega_{0}$
, $J_{A}$ (4) $J_{A}([J_{A}N, X]_{x})=J0([J_{A}N, X]_{x})=i[J_{A}N, X]_{x}$ ,
$[\tilde{T}^{1,0},\tilde{T}^{1,0}]\subset\tilde{T}^{1,0}$ , $J_{A}$ .
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$\mathbb{R}^{+}\cross S^{2n-1}$ $1.\mathrm{c}$ . K. $g_{A}$ $\tilde{g}A(X, \mathrm{Y})=\Theta(J_{A}X, \mathrm{Y})$
$\Theta=2\frac{1}{e^{t}}\cdot d(e^{t}\eta)$
. $1.\mathrm{c}$ . K. g parallel Lee , $\mathbb{R}^{+}\cross T^{n}-$
. $H$ : $\mathbb{R}^{+}\cross S^{2n-1}arrow \mathbb{C}^{n}-\{0\}$
$H(e^{t}, (z_{1}, \ldots, z_{n}))=(e^{-a_{1}t}z_{1}, \ldots, e^{-a_{\hslash}t}z_{n})$ ,
$H_{*}J_{A}=J_{0}H_{*}$ , $H$
$(\mathcal{J}_{A}$ , $\sqrt$0 $)$- . $H$ $\alpha\in \mathbb{R}^{+}\cross \mathrm{P}\mathrm{S}\mathrm{H}(S^{2n-1}, \eta_{A}, J_{0})$
$H\mathrm{o}\alpha \mathrm{o}H^{-1}$
$\mu$ : $\mathbb{R}^{+}\cross \mathrm{P}\mathrm{S}\mathrm{H}$ ( $S^{2n-1}$ , \eta $J_{0}$ ) $arrow \mathrm{H}\mathrm{o}1(\mathbb{C}^{n}-\mathrm{E}\}, J\mathrm{o})$
. $\mathrm{I}^{m}\subset \mathrm{P}\mathrm{S}\mathrm{H}(S^{2n-1},\eta_{A}, J_{0})$ , $S^{1}$ $n$
$c_{1},$ $\ldots$ , . ( $e$ , ( $c_{1},$ $\ldots$ , )) $\in \mathbb{R}^{+}\cross \mathrm{P}\mathrm{S}\mathrm{H}(S^{2n-1}, \eta_{A}, J_{0})$
$\mathbb{Z}$ . $\mu(\mathbb{Z})$ ( $e^{-a_{1}}\cdot c_{1},$ $\ldots,$ $e^{-a_{n}}\cdot$ )
$\mathbb{C}^{n}-\{0\}$ . $\lambda_{j}=e^{-a_{\mathrm{j}}}\cdot c_{j}$ , $\mathrm{A}=(\lambda_{1}, \ldots, \lambda_{n})$
. $\mu(\mathbb{Z})$ $\{(\lambda_{1}, \ldots, \lambda_{n})\}$ . (2)
$0<|\lambda_{n}|\leq\cdots\leq|\lambda_{1}|<1$
.
3.3. $M_{\Lambda}=\mathbb{C}^{n}-\{0\}/\mu(\mathbb{Z})$ $M_{\Lambda}$ A primary Hopf .
, $n=2$ , $M_{\Lambda}$ 1 primary Hopf . Parallel
Lee 1.c.K. $g_{A}$ \sim $\mathbb{R}^{+}\cross S^{2n-1}/\mathbb{Z}$
parallel Lae 1.c.K. $\hat{g}_{A}$ . $H$ $\hat{H}$ :
$\mathbb{R}^{+}\cross S^{2n-1}/\mathbb{Z}arrow M_{\Lambda}$ $M_{\Lambda}=\mathbb{C}^{n}-\{0\}/\mu(\mathbb{Z})$ parallel Loe
1.c.K. .
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